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Abstract
Many related studies reported in the literature examine how public school education and private
school education affect human capital accumulation. Public school education is financed by taxation
but private school education is financed by households. Our paper sets a human capital accumulation
model with school education and private tutoring and examines how private tutoring affects human
capital accumulation. As shown by our paper, because of private tutoring, inequality of human
capital accumulation exists in the case of public school education. Moreover, our paper shows that if
public school education is complementary with private tutoring, then low income households are
unable to choose public school education because of private tutoring costs. Therefore, public school

education is not a redistribution policy for low income households.
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1. Introduction

The aim of our study is setting a model with both school education investment and private tutoring
and then examining how households choose their own level of education investment. Some papers
report studies of education investment with school education. Cardak (2004) and Glomm (1997)
consider public education and private education while examining school choice. In their model with
income inequality, higher-income households select private school education and lower-income
households select public school education because no payment is necessary for the latter school
education. Public school education is financed by taxation and is equally provided. Therefore, public
school education reduces the inequality of human capital accumulation. By contrast, Glomm and
Ravikumar (2003) show that public school education expands the inequality of human capital
accumulation if certain conditions hold.

Gamlath and Labhiri (2018) set a model by which human capital accumulation is determined not
only by the input of public education but also by private education. They examine how the
equilibrium is determined. Gamlath and Lahiri (2018) do not consider school choice or income
inequality. Bearse, Glomm, and Patterson (2005) consider private tutoring in addition to school
education and examine how school choice and political equilibrium with median voting are
determined. The human capital of children is therefore determined by parents in these theoretical
papers. Empirically, Houtenville and Conway (2008) show that the education effect of the parents is
important.

Based on Gamlath and Lahiti (2018), our study sets the dynamics model with school choice and
examines how school choice and human capital accumulation are determined. The results are
presented hereinafter. First, because of private tutoring, inequality of human capital accumulation
exists in the case of public school education. Second, our study shows that, if public school
education is complementary with private tutoring, then low income households are unable to choose
public school education because of the private tutoring cost. Then, public school education is not a
redistribution policy for the low income households. Private school education is demanded for low
income households and high income households. Middle income households choose public school
education. Therefore, if the government considers public school education as a redistribution policy
to reduce the inequality of human capital accumulation, then public school education an
inappropriate redistribution policy as long as public school education is complementary to private
tutoring.

The remainder of our paper is presented as described hereinafter. Section 2 sets the model with
education choice. Section 3 derives the equilibrium of the model. Section 4 concludes our

manuscript.



2. The model
In this model, a household chooses public school education and private school education. In addition,
the household decides the level of private tutoring.
2.1 Public school education
Human capital accumulation is assumed as
hicsr = €],h8, 0 <y,0 <6, (1)

where

e = (ef)“(eis_t + abef)l_a,O <agl0<a<i. 2

The function of education investment is assumed by Gamlath and Lahiri (2018). The education
attainment level is achieved using both private tutoring e, and public school education eft.
Also, i and trespectively denote the indexes of the household and the time. The case of 0 < b
shows the substitutive relation between private tutoring and school education. Otherwise, that is the
case of b < 0, the relation between private tutoring and school education is complementary. Finally,
hi+ and h;..; respectively denote the human capital stock of parents and of children of the ith
household. The human capital of parents is not homogeneous; h;. is assumed to be distributed
uniformly in [ﬁmﬁt]-

The utility function of parents U;, is assumed as

Upe = Blncie + (1 — Blinhip 1,0 < B < 1. (3)

This setting is standard form in the field of human capital accumulation. Therein, ¢;,
represents consumption.

The budget constraint of parents is

(1 =Dhie = cie + €5 “4)

T denotes the tax rate for public school education. Next, we consider the optimal household
allocations to maximize utility (3) subject to constraints (1), (2) and (4). The optimal household
allocations are derived as

B ((1 —Dhi + abef)
T Bra-o-py "

L A=@-py . ( 1-00-fy
g Ty S LY “b<1 ﬁ+(1—a)(1—ﬁ)y>ef' ©)

Moreover, (6) should be non-negative. Therefore, if

< (1-a)1=By(1 —Dhy

d (5

Cit

b , 7
afef ™
then the households select no private tutoring:
e, = 0. ()

As shown by (7), when human capital h; is smaller, the inequality holds: the low income

households select no private tutoring.



The education function of the case of e}, > 0 is shown as

1-a
ooy [ L= DU P (L= Dhi, + abef) o
eir = (e
e B+ —a)A- By
Human capital accumulation can be presented as
o)\ Aoy
b = ooy [ 0220 — By (1 = Dhy¢ + abef) o 00
. = e PRV
S B+1-a)(1-py .
In the case of ef = 0, the education function and the human capital accumulation are
e;c = (ab)'"ef. (11)
hiesr = (ef ) (ab) =7 hY,. (12)

2.2 Private school education
In the case of private school education, the households pay for school education. The education
function is assumed as

et = (eft)a(eft + abeft)l_a,o <al0<a<l (13)
In that equation, ef . denotes the investment for private school education. The budget constraint of
the case of private school education is

(1 —=Dhye =cip + 5 +ef. (14)

The optimal allocations to maximize the household utility function (3) subject to the constraint (1),

(13) and (14) are derived as

_ p(1 - T)hi,t
R T a9
_ay(1-p) (1—-Dhy,
eft— 1 —ab ﬁ+(1—ﬁ)y'and (16)
s _YA=p-a-ab) (1-Dh .

it 1—ab B+(1=BRy
To be a positive value for ef . and ei'ft, 1 —ab > 0 must hold. In the case of 1 —ab < 0, we
derive the following allocations of
= p(1 _T)hi,t a
B+ -Py
€-P — }’(1 - ﬁ) (1 - T)hl',t
Lt 1—ab B+ (1 —-pB)Y
efe = 0. (20)

nd (18)

(19)

3. Equilibrium



This section presents derivation of the equilibrium. First, the government budget constraint of public

school education is addressed. Considering the balanced budget constraint, the budget constraint is

h
. f F(hi)hiedhe, = eSF(hY). @1)
h

Therein, f (hi_t) denotes the density function; F(h}) denotes cumulative distribution function,

which shows the share of households which select public school education. In the case of the

uniform distribution of h;,, ef is derived as presented below:!
— 2

T (ht - ﬁt)

2 h;

We assume y + § = 1, representing constant returns to scale. Then, human capital accumulation

¢ = (22)

e

(the growth rate of human capital accumulation of i th household) in the case of public education is

shown as
G ay . 1-a)y
Puoss (e—t) U=V (o4 apst . (23)
hit hit B+ (1 —a)d—pB)y hi
In the case of (8)
h: G
;;;.“ = (ab)t-®¥ i. (24)
it it

An increase in tax rate T has two effects. One is the positive effect on human capital accumulation
because of an increase in public school education investment. The other is the negative effect on
private tutoring because the household disposable income decreases. If the household selects no
private tutoring, then this effect does not influence a household which selects no private tutoring.
Considering (3), (5), and (23), the indirect utility function of public school education with e} >

Pub,p
0, V, 18

G
ﬁ<(1—r)+abﬁ—Ft>
f+(1—-a)(1-PBy

G\ % _ _ G
+(1—,8)ln<e—t> (- a1y ((1—r)+abe—f>

ViPub,p _ ﬁln

it -

a-ay (25)

hi,t f+A—-a)1-P)y hi,t

+lnhi_t.
As shown by (7), if human capital stock h;, is small, then the household does not pay for private

tutoring. Defining h, such that the following equation holds, we have

! In the case of uniform distribution, the density functionis f(h.,) = =
t— Lt
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Then, the share of household Bl chooses public school education without private tutoring.
__t

Second, we derive the indirect utility function of the case of private school education.

Considering (11), (14), and (15), human capital accumulation with private tutoring is derived as

a 1-a
hi,t+1 _ (1 _ ‘L’)V (QY(]. - ,3) 1 ) ((1 - a)(l - .B)V> ] (27)

hi¢ 1—ab B+ (1-By B+ (1 —=pBy

Without private tutoring, human capital accumulation is derived as

hiesr _ ((ab)l-“y(l - (- r))y
hi B+1-py '

Considering (3), (15), and (27), the indirect utility function of the case of private school

27)

education with private tutoring, V,, " s derived as shown below:
Per ﬁ
~rgra—py
~ ay(1-p) 1 “(A-a)a =B\ (29)
a W"( b gra=py) (pra-pr)

+(B+ 1 = PY)in(l — 1) + Inh;,.
Considering (3), (18)—(20), the indirect utility function of the case of private school education

Prin
Vi

without private tutoring, is derived as

(30)

VEI = BInB(1 — 1) + (1 — B)yln (( b1~ “w> + Inh,,.

B+y(1-p)
We examine the equilibrium in the two cases b = 0 and b < 0, which respectively represent the

substitution and complementary cases.

3.1 Caseof b >0

With 1 — ab > 0, the households which choose private school education pay for private tutoring:
no household chooses private school education without private tutoring. However, with 1 —ab < 0,
the households which choose private school education do not pay for private tutoring: there is no

household which chooses private school education with private tutoring.

3.1.1Caseof 1—ab >0
The case of 1 —ab > 0 shows that substitution between school education and private tutoring is

slight. In this case, there exist households of three types.



Type 1. Households that choose public school education without private tutoring
Type 1I. Households that choose public school education with private tutoring

Type 111. Households that choose private school education with private tutoring

In the case of b > 0 and 1 — ab > 0, substitution between school education and private tutoring is
slight. Consequently, the demand for private tutoring in households which choose private school
education is positive.

Compare (25) with (29), if the following inequality holds, the households choose public school
education with private tutoring. Otherwise, the households choose private school education with

private tutoring.

oG
,8((1 -17)+ abﬁ)

A = oa—py
N[ A-a)1-p) A\
ey —a)(1-B)y _ e
+(1—ﬂ)ln<m> ﬁ+(1—a)(1—ﬁ)y<(1 T)+abhi,t
(1)
> Bln 4
Brd-md-py
(1
o (ay(l—,[?) 1 )“((1—a)(1—ﬁ>y>1‘“
Y™™ e g+a-py) \p+ra-py

+B+ A =-pNin(1-1)
The left-hand-side of (31) decreases with increased human capital stock h;,. The
right-hand-side of (31) is constant over time, irrespective of human capital accumulation. Therefore,

we can obtain the human capital stock h; such that Viiri'p = Vl.’;ub'p holds. With hy > h;,,

households choose public school education. Otherwise, households choose private school education,

as shown in Fig. 1. The share of %t_%t denotes those households which choose public school
t— It

education without private tutoring (Type I). The share of %;_Zt denotes those households which
t— It

choose the public school education with the private tutoring (Type II). Also, the share of %FZ;

t— It

denotes those households which choose private school education without private tutoring (Type I1I).

Then, the following proposition can be established.



Type I Type 11 Type III

Fig. 1 Shares of households.

Proposition 1

We assume the case of b = 0 and 1 — ab > 0. There exist households of three types: the share of

he=h . . . . . .
households ﬁ choosing public school education without private tutoring, the share of
t— It
hi—h . . . . . . he—h;
households = choosing public school education with private tutoring, and the share of =
t— It t— It

choosing private school education with private tutoring.

3.1.2Caseof 1—ab <0
The case of 1 —ab < 0 shows that the substitution between school education and the private

tutoring is large. In the case of b = 0 and 1 — ab < 0, there exist households of three types:

Type 1. Households that choose public school education without private tutoring
Type 1I. Households that choose public school education with private tutoring

Type IV. Households that choose private school education without private tutoring

Comparison of (25) with (29) demonstrates that, if the following inequality holds, then
households choose public school education with private tutoring. Otherwise, households choose

private school education with private tutoring.

G
B((l—r)+ab%>

A A= a—py
(32)
N[ A-a)d -y e\
e - - t
+(1-pB)in (E) A==y ((1 )+ ab Rt



> pinfp(l —1) + (1= pyln ((ab)l—a w>

B+y(1—=p)

The left-hand-side of (32) decreases with an increase in human capital stock h;.. The
right-hand-side of (32) is constant over time, irrespective of human capital accumulation. Therefore,
one can obtain the human capital stock h; such that Viiri'p = Viiub'n holds. With hi > h;,, the

households choose public school education. Otherwise, households choose private school education.

Re—h
Then, the share of =—=
ht—ht

denotes those households which choose public school education without

private tutoring (Type I). The share of %;_:t denotes those households which choose public school
t— It

he=hi
he—

education with private tutoring (Type II). Also, the share of denotes those households which

It

choose private school education without private tutoring (Type IV) as shown in Fig. 2. Then, the

following proposition can be established.

Type I Type II Type IV

Fig. 2 Shares of households.

Proposition 2

We assume the case of b >0 and 1 — ab < 0. There exist households of three types: households

hi-h . . . . . . hi-h . .
Et ht choosing public school education without private tutoring, households Et ht choosing public
t— It t— Ikt

. . . . hy—h} . . .
school education with private tutoring, and households Et ht choosing private school education
t— bt

without private tutoring.

In the case of b > 0 and 1 — ab < 0, substitution between school education and private tutoring is

large. Then, the household reduces demand for private tutoring.

3.2Caseof b< 0
If b < 0, then the households pay for private tutoring: e, > 0. Then, no household chooses public



school education without private tutoring. There are households of two types: one for public school
education with private tutoring and the other for private school education with private tutoring. That

is, households of two types exist, as shown by the following.

Type 1I. Households that choose public school education with private tutoring

Type 111. Households that choose private school education with private tutoring

Therefore, as shown by (6), the demand for the private tutoring must be positive. If the

household is of low income, that is, of low human capital stock h; ., then the household is unable to

. . . . he=h
choose public school education because of the private tutoring cost. Then, the share of ﬁ
t— Lt

households chooses private school education with private tutoring. Low-income households reduce
private school education to decrease private tutoring.
From comparison of (25) with (29), where inequality (31) holds, the households choose public

school education with private tutoring. Otherwise, the households choose private school education

with private tutoring. The shares of households are given respectively as %t_zt (Type II) and %
t— It t— Lt

(Type I11), as depicted in Fig. 3. Then, the following proposition can be established.

Type III Type 11 Type III

Fig. 3 Shares of households.

Proposition 3

We assume the case of b < 0. There exist households of two types: households %:_Zt choosing the
t— It

. . . . . he—h; Re—h . .
public school education with private tutoring, and households ﬁ and Ht ;t choosing private
t— Ikt t— bt

school education without private tutoring.

In the case of b < 0, the low-income households choose private school education to reduce private
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tutoring. Public school education is regarded as a redistribution policy for low income households.
However, as long as public school education is complementary with private tutoring, public school
education is not chosen by low income households. Then, public school education is not a
redistribution policy for low income households.

We consider how substitution parameter b affects human capital accumulation. As shown by
(23), (24), and (27), an increase in b raises human capital accumulation because an increase in b
raises the marginal productivity of school education. However, with b <0, that is, the
complementary case, human capital accumulation is reduced compared with the substitution case

because of b < 0.

4. Conclusions

Our paper sets the human capital accumulation model with school education and private tutoring and
examines how private tutoring affects human capital accumulation. As shown by the findings from
our study, inequality of human capital accumulation exists in the case of public school education
because of private tutoring. Moreover, our paper shows that if public school education is
complementary with private tutoring, then low income households are unable to choose public
school education because of the costs of private tutoring. Then, public school education is not a
redistribution policy for low income households. Private school education is demanded for low
income households and high income households. Middle income households choose public school
education. Therefore, if the government considers public school education as a redistributive policy
to reduce the inequality of human capital accumulation, then public school education is an
inappropriate redistribution policy as long as public school education is complementary with private
tutoring. This case does not occur in the case of substitution between public school education and

private tutoring.
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